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Abstract
The sensitivity of gravity-sensing low-low satellite-to-satellite ranging measurements
in the style of GRACE is assessed as the minimum detectable point mass M3 that
gives signal-to-noise ratio = 3 as a function of orbital altitude, satellite separation,
and instrument noise. We find for the laser ranging interferometer measurement on
GRACE Follow-on M3 = 470 Mton. M3 for a future mission with different orbital
parameters and improved instrument sensitivity is explored.
1 Introduction
The GRACE (Tapley et al., 2004) and GRACE Follow-on (Flechtner et al., 2019)
measurements of earth’s gravity field are based on high-precision along-track range
measurements of the 200 km separation between satellites in a common near-polar low-
earth orbit. The differential gravitational force on the spacecraft pair changes as it
passes over inhomogeneous mass distributions, resulting in a change in the measured
separation. Following Han (2013), we examine the effect of regional as opposed to
global mass distributions. To construct a single-number metric for instrument-limited
sensitivity, the simplest source of signal is considered: the satellite pair flying over a
point mass. The minimum detectable mass M3 is calculable as the point mass that
gives signal-to-noise ratio ρ = 3.
2 Signal
The signal parameters are shown in Figure 1.
Figure 1. Parameters for differential acceleration measurement aR between spacecraft 1 and
2 with average separation L as they fly at altitude h with common velocity v at along-track
distance x from point mass M .
2.1 Single Spacecraft Acceleration
Neglecting orbital dynamics, which enter at low frequency compared to the high-
frequency source disturbance under consideration, the acceleration on spacecraft 1
flying over point mass M at along-track distance x is a1 = −GMx/(h2+x2)3/2, where
G is Newton’s constant of gravitation. For M = 1 Gton, GM = 67 m3/s2.
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Define the acceleration per unit source mass, a′1 = a1/M. Using x = vot, vo =
orbital velocity, t = time from x = 0,
a′1 = −
Gtvo
(h2 + t2v2o)
3/2
(1)
Convert to frequency space, acceleration as a function of f instead of t, by taking the
fourier transform F :
a′1(f) = F [a′1(t)] =
4piifGK0
(
2pifh
vo
)
v2o
, (2)
where K0 is the modified bessel function of the 2nd kind, order 0.
2.2 Range Acceleration Signal
The acceleration experienced by spacecraft 2 is the same as spacecraft 1 at dis-
tance L, but delayed by τ = L/vo. The resulting (along-track) range acceleration
between the spacecraft (Figure 2, left) is similar to Han (2013), computed for the the
response of GRAIL spacecraft to regional lunar gravity. The peak range acceleration
apR is related to M by
apR =
GL
(h2 + (L/2)2)
3/2
M ≡ κM. (3)
Using the identity F(delay τ) = exp(−2piifτ), the range acceleration in fre-
quency space aR(f) is given by
a′R(f) = a
′
1(f)(1− e−2piifτ ) (4)
|a′R(f)| = 2|a′1(f) sin(pifτ)| (5)
That is, in the frequency domain the range acceleration is the single-satellite accel-
eration multiplied by 2| sin(pifτ)|. For f  1/τ, |aR(f)| ∝ L, which is the response
for the spacecraft pair acting as a gradiometer. The first null in the response is at
f = 1/τ = 38 mHz for low-earth orbit and L = 200 km, as recognized by Wolff (1969).
From Equations 2 and 5,
|a′R(f)| =
8pifG
v2o
∣∣∣∣K0(2piffh
)∣∣∣∣ ∣∣∣∣sin(2piffL
)∣∣∣∣ , (6)
where
vo = orbital velocity =7.6 km/s
h = orbital altitude =500 km
L = spacecraft separation =200 km
fh =
vo
h
=15.5 mHz
fL =
vo
L/2
=76 mHz,
numerical values applicable to GRACE Follow-on, for which κ = 0.101 nm/s2/Gton.
To explore the valid span of the point-mass approximation, Figure 2 shows the
range acceleration signal from a square-shaped mass of side length S, computed by nu-
merical integration. The S=1 km result is in agreement with the point-mass analytical
calculation, and the point-source approximation is valid at the 20% level for sources as
large as S=300 km. Henceforth, we restrict analysis to the signal from a point source.
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Figure 2. Range acceleration resulting from a square mass centered under the flight along-
track path. Orbital altitude h, average spacecraft separation L and source mass M are indicated
in the title. The separate traces are for squares of side S indicated in the legend. Left: time
domain; Right: frequency domain.
For f > 30 mHz, the signal amplitude is smaller than its peak value by more than 5
orders of magnitude.
A point mass disturbance gives the impulse response, and its fourier transform,
Equation 6, is the transfer function from an arbitrary mass spectrum. Compared to
the transfer function approach of Ghobadi-Far et al. (2018) for inferring gravity fields
from range acceleration, we seek the response of the system to an artificial source,
a point mass. We neglect centrifugal acceleration and spacecraft motion other than
the along-track direction, an approximation adequate for inferring the ultimate mass
resolution resulting from specified instrument range noise spectra.
3 Noise
Under the assumption that the range measurement is limited by thermal noise
of the laser reference cavity (Numata et al., 2004), the laser ranging interferometer
(LRI) has displacement noise root power spectral density (rpsd) x˜LRI and strain rpsd
x˜LRI/L given by
x˜LRI(f)/L = xc/
√
f, (7)
where xc is a constant. For the LRI (Abich et al., 2019), the current best estimate is
xc = 1× 10−15 . The rpsd of range acceleration measurement noise is√
SLRI(f) = (2pif)
2 · x˜LRI(f). (8)
Take for the accelerometer measurement noise rpsd on GRACE and GRACE
Follow-On (Touboul et al., 1999)
√
SACC(f) = a˜0
√
1 +
(
fk
f
)2
, (9)
with a˜0 = acceleration white noise = 1× 10−10 ms−2Hz−1/2, fk = 5 mHz. Improved
accelerometers in future missions (Christophe et al., 2010), (Conklin & Nguyen, 2017)
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may have a˜0 = 1× 10−12 ms−2Hz−1/2 or better. Assuming that the accelerometers
have uncorrelated noise, the total SACC is sum of the SACC from each spacecraft. We
assume that the non-inertial acceleration noise is equal to the accelerometer sensing
noise. This is a conservative assumption in that for part of the spectrum modeled
disturbances for solar radiation pressure and thruster firings may have lower noise
than the accelerometer, and, depending on orbital altitude, atmospheric drag may be
smaller than accelerometer noise.
The total instrument noise power spectral density is
Sa = SACC + SLRI. (10)
Figure 3 shows
√
Sa for various instrument noise spectra.
Figure 3. Total range acceleration noise rpsd
√
Sa for various assumptions of instrument
noise. The ranging noise for the “GRACE-FO MWI+ACC” is the white displacement noise of
the microwave measurement on GRACE Follow-on, equal to 6× 10−7 m/√Hz. The other two
noise curves assume the ranging noise of the LRI, Equation 7, shown as a dotted line. Two levels
of a0/[ms
−2Hz−1/2] are assumed: 1× 10−10 for the GRACE Follow-on curves, and 1× 10−12 for
a future mission. The solid black line is the signal spectrum aR(f) from a 1 Gton point mass, for
orbital altitude h = 500 km and separation L = 200 km. The values of M3 for the three respective
configurations are 1.33 Gton, 470 Mton, 9.5 Mton.
4 Detectable Mass
Following Flanagan and Hughes (1998) (see also Wainstein and Zubakov (1970)),
the maximum signal-to-noise ratio ρ is given by Wiener optimal filter theory as
ρ =
√
4
∫ ∞
0
|aR(f)|2
Sa(f)
df. (11)
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The minimum detectable mass with ρ = 3 is
M3 = 3/
√
4
∫ ∞
0
|a′R(f)|2
Sa(f)
df. (12)
From Equations 12, 10, 9, 8, 7, 6, the GRACE Follow-on parameters with the MWI
and LRI give respectively M3 = 1.33 Gton, 470 Mton. The corresponding detectable
peak acceleleration for the MWI, apR = κ · 1.33 Gton = 0.13 nm/s2, is comparable to
the simulation result of Ghobadi-Far et al. (2018), who found the estimation error for
the MWI to be 0.15 nm/s2.
For future missions with improved accelerometer sensitivity, Figure 4 gives M3
as a function of orbital altitude h and spacecraft separation L. As shown in Figure 5,
Figure 4. Mass sensitivity of a future GRACE-like mission, expressed as isomass M3 con-
tours, in Mton, from Equation 12. Equation 7 specifies the ranging noise, and accelerometer
noise is given by Equation 9 with a˜0 = 1× 10−12 ms−2Hz−1/2 and fk = 5 mHz.
the optimum L for the improved accelerometer sensitivity is given by L ≈ 1.7h.
The author thanks Christopher Mccullough, Kirk McKenzie, Gabriel Ramirez
and Pep Sanjuan for useful discussions. This research was carried out at the Jet
Propulsion Laboratory, California Institute of Technology, under a contract with the
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Figure 5. The optimum satellite separation L as a function of orbital altitude h is given ap-
proximately by L = 1.7h with the instrument noise parameters of Figure 4 (blue, left-hand axis).
The resulting M3 is shown (red, right-hand axis).
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